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Wave Functions in Geometric Quantization
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A geometrical way is described to associate quantum states in the sense of
geometric quantization to wave functions in the quantum mechanical sense for
each relativistic elementary particle. Explicit computations are made in a number
of cases: Klein—Gordon and Dirac equations, neutrino and antineutrino Weyl
equations, and very general cases of massive and massless particles of arbitrary
spin. In this later case one is led in a canonical way to Penrose wave equations.

1. INTRODUCTION

The wave equations of relativistic elementary particles, Klein—Gordon,
Dirac, Maxwell, etc., were originally each derived independently. A unifica-
tion resulted through the discovery of the relation of these equations with
the representations of the Poincaré group (inhomogeneous Lorentz group).
The classification of the representations of the Poincaré group made by
Wigner (1939) with important contributions of Majorana (1932), Dirac (1936),
and Proca (1936) led to the group-theoretic study of wave equations by
Bargmann and Wigner (1948).

In Kirillov—Kostant-Souriau theory (geometric quantization) the
description of quantum system is given in terms of elements of the dual of
the Lie algebra of the Lie group under consideration. Of course this way of
seeing quantum mechanics is not completely independent of the preceding
one, since it has its origin in a method of obtaining representations (Kirillov,
1962; Auslander and Kostant, 1971). But the correspondence of quantum
states in the sense of geometric quantization to wave functions in the quantum
mechanical sense is not clear in all cases. Souriau (1970) gives a very general
way to make the passage, but it does not work in all cases. For example, in
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the relativistic case, not every quantum state for massive particles with 172
spin corresponds to a solution of the Dirac equation.

In this paper we give a geometrical construction that establishes a one-
to-one correspondence from quantum states in the sense of geometric quanti-
zation to wave functions in the quantum mechanical sense that is valid for
all kinds of relativistic elementary particles. This solves in particular the
preceding problem. The idea is as follows.

In geometric quantization (GQ) one begins with a regular contact mani-
fold or its associated Hermitian line bundle. Quantum states (in the sense of
geometric quantification) can be considered as being the collection of those
sections of the Hermitian line bundle which satisfy “Planck’s condition”
(Souriau, 1970). In this paper we see that these sections are in a one-to-one
correspondence with the (unrestricted) sections of another Hermitian line
bundle. Thus, this fiber bundle is a good setting to describe the quantum
processes under consideration. The main idea for passing from this description
to the usual one in terms of wave functions can be intuitively explained as
follows. Quantum states in GQ attribute an “amplitude of probability” to
each movement of the particle. To obtain the corresponding wave function
one must proceed as follows: for each event, the corresponding amplitude
of probability is obtained by taking all movements passing through the given
event and then “adding up” (in a suitable sense) the corresponding amplitudes
of probability. Of course, the concept of “movement passing through an
event” is only obvious in the case of the ordinary massive spinless particle,
and is defined in Section 3.

In the case of massive particles one obtains solutions of Klein—Gordon
and Dirac equations, and also a description of the wave functions for massive
particles of higher spin. In the case of massless particles of spin 1/2 one
obtains solutions of the Weyl equations and for general spin this method
leads in a natural way to the description of massless particles by means of
solutions of the Penrose wave equations (Penrose, 1975).

2. UNIVERSAL COVERING GROUP OF POINCARE GROUP

It is well known that the universal covering group of the Poincaré group
is a semidirect product of SL{2, C) by a four-dimensional real vector space.
In this section, I recall some general facts about this group.

Let (x', x%, X3, x*) be the canonical coordinates in R*, I the 2 X 2 unit
matrix, and 0y, 0,, o3 the Pauli matrices, i.e.,

Fof (o) oY)

respectively. A generic point of R* will be denoted by x = (x!, x%, x*, x*).
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We define an isomorphism 4 from R* onto the real vector space H(2)
of the Hermitian 2 X 2 matrices by means of

3 . 4+ | B
h(x) = “I+;ro';=<;, +§2’, );4_1;32>

We have Det h(x) = (x, d), where (,) is Minkowski pseudoscalar product
3
(x, y) = xty* — 21 Xy’

We define an action on the left of the Lie group SL(2, C) on the Abelian
Lie group H(2) by means of

A * H = AHA*

for all A e SL(2, C), H € H(2), where A* is the transpose of the complex
conjugate of A. To this action by automorphisms of H(2) there corresponds
a semidirect product, SL(2, C) © H(2), whose group law is given by

(A, H) * (B, K) = (AB, AKA* + H)

The identity element is (/, 0) and (A, H)™' = (A~!, —A"THA*"1),
This semidirect product acts on the left on R* by means of

(A, H) * x = h"{(Ah()A* + H)

The Poincaré group @ is identified with the closed subgroup of GL(S; R)
composed of the matrices

L C

0 1

where C € R*and L « 63, 1) [such a matrix is denoted in the following
simply by (L, O)].

For all (A, H) € SL © H(2) [where SL stands for SL(2; C)], there
exists a unique (L, C) € P such that (4, H) * x = Lx + C for all x € R%

The map p from SL © H(2) into P defined by sending such an (A, H)
to the corresponding (L, C) is a homomorphism of Lie groups whose kernel
consists of (1, 0) and (—1, 0). Since both Lie groups have the same dimension,
p is a covering map of the identity component in P, P.. Since SL and H(2)
are connected and simply connected, it follows that SL © H(2) is the universal
covering group of P1.

The standard method to handle semidirect products enabie us to identify
the Lie algebra of SL @ H(2) with sl X H(2), the Lie bracket being

a, k), (@', k)] = ([a, d'], ak’ + k'a* — (a'k + ka'*)]
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In this paper, we use the basis of sl X H(2) composed of the follow-
ing elements:

PF=(0, -0y, k=123
P*=(0,09) = (0,1

k — [; Ok

l <12,0>
P

g (z,o)

The reason for this notation will become clearer in the next section.
We denote by € the matrix io,,

-

Notice that ‘AeA = (Det A)e, so that
€Ade = —A"! )
if A € SL. Also we have
1 Tr(h(x)eh(y)e) = —(x, )

for all x, y € R* where the bar means complex conjugation.
We define a nondegenerate scalar product in sl X H(2) by means of

{(a, k), (b, D)) = 2 Re Trhkele — ab)
= L Tr(kele) — 2 Re Tr ab

This scalar product defines in the standard way an isomorphism from
the Lie algebra of SL © H(2) onto its dual. The image of (a, k) € sl X H(2)
will be denoted by {a, k}.

With this notation, we obtain by a more or less straightforward computa-
tion the following formula for the coadjoint representation (i.e., the contra-
gredient of the adjoint representation):

Ad# pla, k) = {AaA™" + L(AkA*eHe — HeAkA*e), AkA*)  (2)

The elements of the Lie algebra define functions on its dual in the well-
known way. This is in particular the case of P/, I, g' and we have

h(P({a, k})) = —k
h(({a, k}), 0) = i(a* — a)
h(g({a, k}), 0) = —(a + a*)
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where P = (P, P2, P>, P, 1 = (I', B, B), and g = (g', & &°).

To end this section, we define two other functions on the dual of the
Lie algebra of SL © H(2) whose physical meaning will become clearer in
the next section. The main interest of these functions, at least from the group-
theoretic point of view, is that they remain constant along coadjoint orbits.

One of these is |Pl, defined by |PI({a, k}) = Det(k). The other is
defined in terms of W({a, k}) = i(ak — ka*). One can prove that
W(AdE 1{a, k) = AW({a, k})A*, so that the function IWI({a, k}) =
Det(W({a, k})) is constant along each coadjoint orbit.

3. CLASSICAL STATE SPACE

In this section we recall some known results and we establish some of
the definitions and interpretations that are necessary for the purposes of this
paper. Most of the known results can be found in Souriau (1970) in relation
to the Poincaré group. We use, instead of this group, the universal covering
group of its components of the identity G = SL(2, C) © H(2). The results
remain obviously valid.

Let us consider a classical (without spin) relativistic free particle with
rest mass m # 0. A classical state of this particle is given in each given
inertial frame by the coordinates of an event and a value of momentum-
energy. The set composed by these classical states (state space or evolution
space) can be identified with a codimension-1 submanifold of 7M (or T*M),
where M is Minkowski space-time. G acts transitively on the left on state
space.

The momentum map sends the state space onto a coadjoint orbit of G
in a G-equivariant way. Each classical movement of this particle is composed
by a set of classical states and the momentum map sends all of these states
to the same point of the orbit in such a way that no other state is mapped
to this point. In this way, the momentum map establishes a one-to-one map
from movements of the particle and a coadjoint orbit. Thus the coadjoint
orbit is identified with “movement space.” The momentum map, accompanied
by the projection on Minkowski space-time, gives, for each inertial observer,
a G-equivariant imbedding of the state space into H(2) X G*. This enables
us to identify the state space with an orbit of G in H(2) X G*. When this
identification is done the momentum map becomes the canonical map of an
orbit in H(2) X G* onto the corresponding orbit in G*.

The elements P, [, g* (see Section 2) of G give rise, via the momentum
map, to dynamical variables on state space, whose expression in each inertial
frame is the classical one for momentum, energy, and relativistic angular
momentum {¢ = 1).
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In the general case of particles with spin or massless particles, the
concept of state space is much less clear a priori. Souriau defined its “evolu-
tion spaces” as candidates. All of them are easily seen to be diffeomorphic
to orbits of G in H(2) X G*. If one takes into account the possibility of
changes of inertial frames, one is led a priori to consider as possible classical
state spaces all the orbits of G in H(2) X G*. Thus, each classical state
space projects onto a coadjoint orbit that is interpreted as the corresponding
movement space. A key fact of quantum theory is that we must consider as
possible movement spaces only the coadjoint orbits that are quantizable in
the sense of the next section.

With this definition, the classical state space of a particle whose move-
ment space is a given quantizable coadjoint orbit is to some extent undefined:
there are infinitely many candidates. We shall see in the next section that
the requirement that quantum mechanics be independent of the choice of
classical state space leads to one of the essential axioms of geometric quantiza-
tion; Planck’s condition.

When a concrete classical state space has been fixed, one can ask
questions such as: Which is the family of events which represents a given
movement in space-time? Which are the movements whose representation
in space-time contains a given event? In order to explain this in more detail,
let us consider an elementary particle whose movement space is the coadjoint
orbit of a &€ G* and let us choose its classical state space to be the orbit by
G of (K, a) in H(2) X G*, where K € H(2). The movement Ad} ;o is
represented in space-time by the events L e H(2) such that (L, Ad} so) is
in state space, i.e., the orbit in space-time of K by (A, H)-G,, where G, is
the isotropy subgroup of a. The movements passing through an event H are
the B such that (H, B) is in state space. These B can also be easily characterized
group theoretically. More specific computations are made in Section 5.

The functions defined on each classical state space by P, K, g are
interpreted as giving momentum, energy, and angular momentum and are
denoted by the same letter. With this interpretation, the mass square coincides
with the function | P| defined in the preceding section. R .

_, ,The Pauli-Lubanski four-vector corresponds to Pl + p X g,
(p, 1)), where p = (P!, P%, P%). A more or less straightforward computation
proves that the Hermitian matrix corresponding to this four-vector coincides
with the W defined in Section 2.

4. QUANTUM STATES

In this section, we use a definition of quantum states of elementary
particles that is equivalent to that of Souriau (1970, 1988), with a slightly
different notation. We also prove some results that enable us to identify
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quantum states with unrestricted sections of a Hermitian line bundle instead
of sections of another Hermitian line bundle subjected to the “Planck condi-
tion” of Souriau.

In order to carry out the geometric quantization of a symplectic manifold,
one first needs a Boothby—-Wang fibration on the symplectic manifold with
circles as fibers, i.e., a principal circle bundle with connection whose curvature
form (projected on the base space) is the symplectic form.

Here we shall consider only the case where the symplectic manifold is
the movement space of a relativistic elementary particle, i.e., a coadjoint
orbit of the universal covering group of the Poincaré group, and the contact
manifold is a homogeneous contact, for an action of the same group, such
that the bundle projection becomes equivariant.

In order to explain in more detail the geometric constructions we need,
let us recall some results concerning the homogeneous contact manifolds
under consideration. These results and a study of more general situations can
be found in Souriau (1988) and Diaz Miranda (1982a,b, n.d.). Some of these
generalizations also have interest from the point of view of the present paper.
In fact, one can consider each covering of a coadjoint orbit as a candidate
for movement space, and the geometric construction that follows would
remain valid. But for the purposes of this paper, it is enough to consider the
coadjoint orbits themselves. In all that concerns fiber bundles, we use the
notation of Kobayashi and Nomizu (1963).

Let G be a Lie group. A fibration as desired on the coadjoint orbit of
a € G* exists if and only if there exists a surjective homomorphism C,
from the isotropy subgroup at a, G,, onto the unit circle §' whose differential
is a. Then a and its coadjoint orbit are said to be quantizable. Here, we can
consider the differential of a homomorphism onto S' as an ordinary 1-form
by identifying the Lie algebra of §' with R. This identification is defined by
the condition that the exponential map becomes Exp(a) = e*™ for all a e
R. The a and its coadjoint orbit are said to be R-quantizable if there exists
a surjective homomorphism from G, onto R whose differential is o. The Lie
algebra of R is identified with R in such a way that the exponential map
becomes the identity. Of course, if a is R-quantizable it is quantizable. Diaz-
Miranda (n.d.) uses a slightly more general concept of quantizability, but it
is unnecessary for the purposes of the present paper.

In what follows we assume that a is quantizable and C, is a homomor-
phism from G, onto the unit circle whose differential is o. We identify the
coadjoint orbit with G/G, in the canonical way.

We define an action of S! on G/KerC, by means of

(g KerC,) * s = gh KerC, 3

where h is any element of G, such that C,(h) = s. Actually (G/KerC,)
(G/C,, S") is a principal fiber bundle, the bundle action being the preceding
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one and the bundle projection being the canonical map from G/KerC, onto
G/G,.

The differential 1-form o« projects to an invariant contact form @ on
G/KerC,.

Let Z(w) be the vector field defined by iz, w = 1, iz, do = 0. All the
integral curves of Z(w) have the same period. If we denote by T{w) the period
of any integral curve of Z(w), then w/T{w) is a connection form. Since the
structural group is Abelian, the curvature form is dw/T{w). There exists a
unique 2-form on G/G, whose pullback under the bundle map is the curvature
form. This form is symplectic and its cohomology class is integral. It will
also be called a curvature form. Its reciprocal image under the canonical map
of G onto G/G,, is do/T(w). These symplectic manifolds and their covering
spaces are Hamiltonian spaces of the group G (Kostant, 1970).

The horizontal lift of curves can be described as follows. Given a curve
v in G/G,,, the horizontal lift of vy to g Ker(C, is

() = () KerC,) * exp(—-Z'm’ L a) 4)
Yo

where ¥ is any lifting of y to & such that §(0) = g, and the vertical bar
means restriction.

Associated to this principal fiber bundle and the canonical action of S'
on C, one can consider the one-dimensional vector bundle whose total space
is (G/KerC,) Xg! C. This bundle is a complex line bundle; the addition in
each fiber is given by

[g KerC,, 7] + [g' KerC,, z'] = (g KerC,, z + C.(g7'g")Z']

and the multiplication by complex numbers is given by a-[g KerC,, z] =
[g KerC,, az].

This vector bundle becomes Hermitian when one defines in each fiber
the Hermitian product

([g KerC,, 7], [g' KerC,, z']) = 7C.(g g7’

It is well known that the sections of the Hermitian line bundle are in
one-to-one correspondence with the functions on G/KerC,, f, such that f((g
KerC,) * 5) = 57! f(g KerC,). These functions will be called pseudotensorial
functions. This correspondence is as follows. If fis a pseudotensorial function,
the corresponding section sends m & G/G, to [r, f{r)], where r is arbitrary
in the fiber on m. If o is a section of the Hermitian line bundle, the correspond-
ing pseudotensorial function f is defined by o(w(r)) = [r, f(H] forall r €
G/KerC,, where T is the bundle projection.
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The sections of the Hermitian line bundle are called prequantum states.
Sometimes we use the same denomination for the corresponding pseudoten-
sorial functions.

Let us return to the case where G = SL(2, C) & H(2). As we saw in
Section 3, there are many candidates for state space for the particle whose
movement space is the orbit of a. In fact, for each K e H(2), the orbit of
(K, a) € H2) X G* is one of them.

If state space is the orbit of (K, a) and H € H(2), the movement
containing the event H are the Adf ;,x such that (A, L) * K = H, ie., A €
SL(2, C) and L = H — AKA*. This set depends on the choice of K.

We call quantum states those prequanturmn states that are independent of
the preceding choice in the following sense.

Since Ad y-akan® = AdF _axarAdE o, we say that a prequantum
state, considered as a section of the Hermitian line bundle, is independent
of the choice of K if this value on the right-hand side of the preceding
equation is independent, up to parallel transport, of the actual value of X,
Le., if $(Adf.yy) = T(d(y)) for all y in the orbit and L in H(2), where T is
parallel transport along any curve joining v with Ad#,,y in the orbit of y by
the subgroup {/} X H(2). An equivalent statement of this condition is that
the corresponding pseudotensorial function is constant along the horizontal
lift of such a curve; thus we have the following.

Definition 4.1. A quantum state is a prequantum state whose correspond-
ing pseudotensorial function is constant along the horizontal lift of any curve
whose image is in an orbit of the subgroup {/} X H(2).

Lemma 4.1. There exists a unique action of {I} X H(2) on G/KerC,
whose orbits are horizontal and such that 7 becomes equivariant. This action
is given by

(1, K) * ((A, H) KerC,) = ((A, H + K) Ker(C,) *
exp[—im Tr(AkA*eKe)) (5)

for all K € H(2), (A, H) € G, where * on the left-hand side stands for the
new action and on the right-hand side corresponds to the bundle action. & is
given by o = {aq, k}.

Proof. Let us denote {I} X H(2) simply by H. If X € H, we denote by
X, the corresponding infinitesimal generator of the action on G/G, and by
X # its horizontal lift to G/KerC,,. Since the integral curves of X } are horizontal
lifts of integral curves of X,, we see that X} is a complete vector field.

We shall prove that (X}, Y] =0forall X, Y € H.

First notice that {X}, Y¥] is horizontal. In fact, since X} and Y} are
horizontal, we have w([X¥, Y¥]) = —dw(X¥, Y#). Since dw projects to the
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symplectic form {} of G/G, given by the projection under the canonical map
of the 2-form of G, da, we have

(do(XF, YE)(g KerCy)
= (QUXp, Yp))g Go)
= (do)(Ad,~' X, Ad,~1Y) = —a([Ad,~1X, Ad,~1Y])

which vanishes since H is Abelian.

Thus, [X}, Y¥] coincides with its horizontal part, but the horizontal part
of [X#¥, Y¥] is the horizontal lift of [X,, ¥,] and H is Abelian. It follows that
[X#, Y¥] is zero.

As a consequence, the set composed of the X#, X € H, is an Abelian
Lie algebra of complete vector fields on G/KerC,. Since H is simply con-
nected, there exists a unique action of H on G/KerC, whose infinitesimal
generators are the X#. The bundle map is equivariant for this action and the
canonical one is the base space as a consequence of the fact that the infinitesi-
mal generators X} projects onto the corresponding ones X, and H is
connected.

Unicity follows from the fact that the infinitesimal generators of such
an action must be the X},

Now, let us prove equation (5). Let K € H(2), (A, H) € G. We consider
the curve in G given by ¥(r) = (I, tK)(A, H), the curve in G/G, given by
v(t) = ¥(1)G,, and the curve in G/KerC, given by p(t) = (I, tK) * (A, H)
KerC,), t € [0, 1], where * stands for the action whose existence we have
just proved. p(#) is contained in the orbit of (A, H) KerC, by I X H(2), so
that it is horizontal, and projects onto (I, tK)-((A, H)G,) = «y(#). Thus, p(r)
is the horizontal lift () of y(r) to (A, H) KerC,, so that it is given by equation
(4). Since the left-hand member of (5) coincides with p(1), we only need to
prove that

! a = (1/2) Tr(AkA*eKe)
;
A direct computation proves that
J o = (1/2) Tr(keA 'KA* T€)
;
and thus the result is a consequence of equation (1). m

This action will be called the horizontal action.

Corollary 4.1. The quantum states are the prequantum states that corre-
spond to pseudotensorial functions left invariant by the horizontal action.
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The condition of being invariant by the horizontal action is equivalent
to the Planck condition of Souriau.

We shall see later that the canonical action of G on G/KerC, maps
horizontal orbits to horizontal orbits, thus giving a transitive action on the
set consisting of these submanifolds. In order to describe the isotropy subgroup
at the orbit of KerC,, we define two homomorphisms as follows.

Let m; and v, be the canonical projections of G on SL(2, C) and H(2),
respectively. We denote m(G,) by (G,)s: and m(G,) by (G .

Lemma 4.2. The map (Co)si: (Go)sr — S' defined by
(Csi(g) = Culg, We ™Thei)  forall (g, h) € G,
is well defined and a homomorphism.

Proof. Let h, i’ e H(2) be such that (a, k), (a, ') € G,. Then ({, h —
h') e G,, since it coincides with (a, h)(a, h')"". B

But we have (I, h) € G, if and only if kehe = heke. Thus, if (I, h) €
G,, the same holds for (/, th) for all 1 € R. As a consequence, (/, &) is in
the connected component of the identity G2 of G,. Hence (I, h — k') €
Go.

Since the differential of C, is o, we have

CI, th — k') = *mirelOh=k')
Thus
Mg AT = C (a, h)-(Cola, H')!

which proves that (C,)g is well defined. It can be verified directly that it is
a homomorphism. =

We also define Cy: (Go)s, ® H(2) — S' by means of
Calg, 1) = (Co)si(g)e™ ™o

C, is an extension of C, to (Gy)s, © H(2) and a homomorphism. Its
differential coincides with the restriction of « to the Lie algebra of this group.

Proposition 4.1. The canonical action of G on G/KerC, maps horizontal
orbits to horizontal orbits, thus defining a transitive action on the space of
horizontal orbits. The isotropy subgroup at the horizontal orbit of KerC,
is KerC,,.

Proof. Let (B, Ry € G, K € H(2), and let us denote by ((B, R)-) and
((1, K)*) the diffeomorphisms associated to them by the canonical action and
the horizontal action, respectively. We have

((B, R)+) o ((, K)*) = ((I, BKB*)*) ° ((B, R)*) (6)
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In fact, for all (A, H) & G we have
((B, R)-) o (({, K)*)((A, H) KerC,,)
= ((B, R)(1, K)(A, H) Ker(,,)

* g ~inTr(AkA *eKe)

= ((I, BKB*)(B, R)(A, H) KerC,) * emTa ke
but, as a consequence of equation (1), we have € = B*eB = ﬁeB, so that
Tr(AkA*eKe) = Tr(BAk(BA)*eBKB*€)

and equation (6) follows.

That the canonical action of G on G/KerC, maps horizontal orbits to
horizontal orbits is an obvious consequence of (6).

An element (A, H) of G is in the isotropy subgroup of the horizontal
orbit of KerC, if and only if there exists K in H(2) and (B, R) in G, such
that (A4, H) = (I, K)(B, R) and C,{(B, R)) = exp{—inTr(keKe)]. But this is
equivalent to saying that (4, H) is in (Go)sy ® H2) and C, (4, H) = 1. =m

As a consequence of Proposition 4.1, we identify the space of horizontal
orbits with G/KerC,.

The canonical maps gives us the following homomorphism of principal
S'-bundles:

G/KerCa G/KerCa

G/Ga ———— G/((Ga)sL ® H(2))=S5L/(Ga)sL

Since quantum states correspond to pseudotensorial functions left invari-
ant by the horizontal action, they will be identified with unrestricted pseudo-
tensorial functions on G/KerC,.

5. WAVE FUNCTIONS

In this section we give a way to pass from the quantum states described
in the preceding section to a more standard way of looking at quantum
processes: wave functions.

A quantum state can be interpreted as giving an “amplitude of probabil-
ity” to each movement. This interpretation is useful for improving intuition,
although the values at different movements are located at different fibers.

As mentioned in the introduction, the idea for obtaining wave functions
is to “add up” the “amplitudes of probability” for all movements whose
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representation in space-time contains each given event. Thus, our first task
is to determine this set of movements.

Let the orbit of @ = {a, k} € G* be the movement space of a given
elementary particle and let us choose the classical state space to be the
orbit of (0, a) € H(2) X G*. In particular, we assume the existence of a
homomorphism C, as in the preceding section and we use the notation therein.

Our definition of quantum states has been motivated by the requirement
that nothing essential in quantum mechanics depend on the fact that the
classical states space be the orbit of (0, o) or the orbit of (K, a), with K #
0. In Remark 5.2 at the end of the present section we explain the consequences
of this choice. Since the isotropy subgroup at o is G, and the isotropy
subgroup at (0, o) is (SL; N SL,) D {0}, where SL, = {A € SL(2, C): AaA™!
= a}, SL, = {A e SL(2, C): AkA* = k}, the movement space will be
identified in the canonical way with G/G, and state space with H(2) © (SL/
(SL, N SL,)), where SL(2, C) has been denoted simply by SL. The natural
map from the classical state space to the movement space thus becomes

SL SL ® H(2)

K —————s ey
(H,A L, (1 SL) & HQ) X 5=t = (A, H)Ge € ¢

The set consisting of the movements containing the event H is the image
under the preceding map of {H)} X SL/(SL, N SL,). The restriction of that
map to that set is injective. We thus see that for each event the corresponding
set of movements can be “parametrized” by the same homogeneous space:
SL/(SL, N SL,).

This is a particular case of the following construction.

Let £ be a closed subgroup of G, and & the subgroup of SL defined
by ¥ @ {0} = £ N (SL & {0}). Since G/(¥ D {0}) is canonically diffeo-
morphic to H(2) X (SL/¥), we can identify these manifolds. When this
identification is done, the canonical map from G/ @ {0}) onto G/¥ becomes

SL G
(K, AY) e H(2) X g A KZ e 7

Notice that the restriction to the subset (H} X (SL/Y) is injective. If ¥ is
an invariant closed subgroup of &, # N (SL & {0}) is an invariant closed
subgroup of £ M (SL & {0}).

This geometrical construction, when applied to each of the homogeneous
spaces which appear in the commutative diagram of the preceding section,
gives us the diagram of Fig. 1.

The vertical arrows correspond to principal fiber bundles whose struc-
tural groups are identified by means of (C,)s;, C., or C, to subgroups of S*.
The bundie action on G/KerC, is defined by the homomorphism C, in the
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H(2) % groeihsts yrron
\ /
H(2) x Ker(sci)st. KerC,
| |
H(2) x 72k —_—
/ \
H(2) x SL.SnLSL, &

Fig. 1. Fiber bundles for quantum states.

way explained in the preceding section. The other bundle actions are defined
by the corresponding homomorphisms in a similar way. The horizontal and
oblique arrows define homomorphisms of principal fiber bundies.

The second horizontal arrow will be denoted by .

Notice that the energy-momentum, which is defined on movement space
(i.e., on G/G,), is projectable to a function defined on SL/(G ), . Its projection
will be also denoted by P and is given by P(A(G,)s;) = —AkA*.

Proposition 5.1. The pullback by v maps in a one-to-one way the set of
quantum states (considered as pseudotensorial functions on G/KerC,) onto
the set made up of the pseudotensorial functions on H(2) X SL/Ker(C,)s; of
the form

¢(H LA Ker(Ca)SL)
= f(A Ker(C,)s,) explim Tr(P(A(G,)s)eHe)] 7

where f is a pseudotensorial function on the principal fiber bundle
SL;KCI'(CO‘)SL ond SU(G(!)SL.

Proof. If B € (G,)s;, there exists K € H(2) such that (B, K) € G,.
Thus, equation (2) implies BkB* = k. As a consequence, the function defined
on H(2) X SL/Ker(C,)s; by
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X(H, A Ker(C,)gy) = emTrars eHe

is well defined.
Let ¢’ be a pseudotensorial function on G/KerC,. We have

(" ° VX)(H, A Ker(Cy)s)
= ¢'((A, H) KerC, * exp[—im Tr(AkA*eHe])
= ¢'((A, H) KerC, * exp[—im Tr(keA~"HA* '¢)])
= ¢&'((A, H) KerC, * C (I, —AT'HA*™Y))
= ¢'((A, H)(I, —A~'HA*"") KerC,)
= ¢'((A, 0) KerC,)

We thus see that (¢’ o V)(H, A Ker{C,)s;) does not depend on H. Since it
is pseudotensorial, it follows that & = ¢’ o+ has the form (7).

Conversely, let ¢ be a function of the form (7). Notice that the manifold
that appears in the preceding diagram as H(2) X SL/Ker(C,)s; was originally
identified with G/(Ker(C,)s, @ {0}). We consider it under this form, up to
the end of the present proof. For all A € SL(2, C), a € (G,)s, H, h € H(2)
we have

d((A, H)(a, h)(Ker(Cy)s. D {0}))
= &((Aa, AhA* + H)(Ker(Co)s © {0}))
= f(Aa Ker(Cy)s1)
X exp[—iw Tr(Aaka*A*e(ARA* + H)e)]
= f(A Ker(Cs * (Co)si(a))
X exp[—iw Tr(AkA*eAhA *¢)] exp|—im Tr(AkA *eHe))
= f(A Ker(Co)s)((Co)se(@) ™
X exp[—iw Tr(kehe)] exp[—im Tr(AkA*eHe)]
= $((A, H)(Ker(Cs, D {0})(Colla, )™

This proves that ¢ maps to a function on G/KerC, and that the projected
function is pseudotensorial. m

Thus, the quantum states are in a one-to-one correspondence with the
pseudotensorial functions of the form (7), and these with the pseudotensorial
functions on G/Ker(C,)s;.
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Let us denote (C,)s;((Go)sr) by S, (H(2) X (SL/Ker(C,)g) Xs C by W,
and the canonical map from W onto H(2) X (SL/G,)s) by m. Here 7 is the
Hermitian line bundle associated to the principal fiber bundle (H(2) X (G/
Ker(C)s))H(2) X (GH(Gyst), S) and the canonical action of § on C.

Proposition 5.1 enables us to interpret quantum states as sections of 7).
The interesting fact here is that these sections depend on two separate vari-
ables, one of them describing an event and the other the set of orbits by {I}
X H(2) of movements containing the event.

To complete our connection to wave functions, we need to “represent”
quantum states as functions with values in a fixed complex vector space. If
(Cg)sy is trivial, this is done directly since the corresponding fiber bundle is
trivial, so that quantum states are identified with complex-valued functions
on the base space. In the case where (C,)s, is not trivial, this will be done
by imbedding the Hermitian fiber bundle in a trivial one. We do this in a
direct way, but a more geometrical view of the method is given in Remark 5.1.

By a trivialization of C, we mean a triple (p, L, zy), where L is a finite-
dimensional complex vector space, z5 € L, and p is a representation of SL(2,
C) in L such that:

(1) p(AXz0) = (C)si(A)zo, VA € (Gost-

(2) The isotropy subgroup at z; is Ker(C,)s;.-

In what follows, we assume that a trivialization of C, is given.

The orbit of zp, B, will be identified with SL/Ker(C,)s; and the canonical
map onto SLAG,)s. will be denoted by r. The pseudotensorial functions on
SL/Ker(C,)s; thus become functions on @, in fact, they correspond to the
functions which are homogeneous of degree —1 under multiplication by
elements of (Co)5((G,)s) C S'. These functions will be called a-homoge-
neous of degree — 1. The a-homogeneous functions of degree —7 are defined
in a similar way.

With this identification, one sees that each a-homogeneous function of
degree —1 gives rise to one of the sections of m under consideration.

We define a map & from W onto H(2) X (SL/(G.)s;) X L by sending
the equivalence class of

(H, A Ker(Co)sp), ©) € (H(2) X (SL/Ker(Co)se)) X €

to (H, A(Gy)st, cp(AX(z20)).
This map is injective and its image will be denoted in what follows by V.
Let us denote by mr, the restriction to V' of the canonical map from H(2)
X (SLI(Gy)sy) X L onto H(2) X (SL/(G)s). The image by & of the fiber
over (H, A(G,)s;) consists of the (H, A(Gy)si, cp(A)(zg)) with ¢ € C. This
set also coincides with () '(H, A(G,)s;). When one considers on ¥ the
topology and differentiable structure which makes 8 a diffeomorphism, V" is



Wave Functions in Geometric Quantization 2155

the total space of a Hermitian line bundle whose bundle projection is , and
8 becomes an isomorphism of Hermitian line bundles over the identity of
the base manifold. The fibers of w, are one-dimensional subspaces of L. The
sections of m are thus in a one-to-one correspondence with the sections of
14, so that each a-homogeneous function of degree — 1 defines a section of .

If fis an a-homogeneous function of degree —!, the corresponding
section of m, sends (H, m) to

8( [(H, 2), f(Z) e:‘ﬁTr(P(m}el_Je)D = (H,m, f( Z)egﬂ'm p(,,,)gng)

where z is an arbitrary element of r~'(m) C %.

These sections are obviously in a one-to-one correspondence with the
functions on H(2) X (SL(G,)s;} with values in L given by its third components.
The quantum state corresponding to the preceding f can thus be identified
with the function Y given by

Wy(H, m) = flz)e TP,

where z € r~'(m). We shall call these functions prewave functions.
The same name will be used, in the case in which (Cy)s is trivial, for
the complex-valued functions of the form

Y{H, m) = f(m)ei‘rrTr(P(m)eﬁe)

where now f is a function on SL/(G,)s;.

The precise meaning of the prescription given at the beginning of this
section to obtain wave functions is the following: to any given prewave
function {s; one can associate a wave function Jx/ as follows:

i(x) = j Yyr(h(x), -)w

SLAGaisL

where o is an invariant volume element on SL(G,)s;.

This definition of wave functions forces us to make a restriction on the
class of the functions to be considered: it is necessary that the integral exist.

In the following we shall consider only quantum states corresponding
to the case in which fis continuous with compact support. The corresponding
wave functions are analytic.

Now we shall define a Hermitian product in the vector space consisting
of these quantum states. Let ¢ and ¢’ be the quantumn states corresponding
to the prewave functions iy and {s,, respectively. Let o and o’ be the corres-
ponding sections of 7. Since

o(H, m) = [(H, z),f(z)ei-n'Tr(P(m)eﬁe)]
O"(H, m) = [(H, 2), f’(z)ei’trTr(P(m)e-ge)]
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where z € r~'(m), the Hermitian product of o(H, m) by ¢'(H, m) is]’@f’(z:).
In particular, it does not depend on H. This enables us to define the Hermitian
product of the given quantum states (or the corresponding prewave functions)
as being

<wwﬁ=f i
SLGw)SL

This Hermitian product can be given in terms of the prewave functions
themselves as follows. Let & be a sesquilinear form on L which does not
vanish on 8. We define

(D(l’}f(H’ m)v ‘bf’(H, m))
P(z, 2)
where z is arbitrary in r~!(m) and H is arbitrary in H(2). Thus
wp%>=f YDy

SLAGo)sL

lb[(p\!lf': m e SL/(G,,)SL land

The well-known fact that the vector space of wave functions is a represen-
tation space of the group SL(2, C) €@ H(2) can be justified from our present
point of view as follows. Since the group SL(2, C) @ H(2) acts on H(2) and
on L, there is a canonical representation of the group on the vector space
composed of the maps from H(2) into L. The set of wave functions under
consideration is an invariant subspace, so that we obtain a representation of
the group SL(2, C) @ H(2) in the space of wave functions. Let us denote
the infinitesimal generator of this representation associated with X in the Lie
algebra of SL(2, C) & H(2) by X, and X/2wi by X. Here X is a dynamical
variable (see Section 3) and X is the corresponding operator in ordinary
quantum mechanics.

A direct computation leads to the following expressions for the operators
corresponding to the canonical dynamical variables:

A, o~ 1 J -
Pty = o a W
ny d -
Pl =5y
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where €, are the components of an antisymmetric tensor such that €,,; =
1, and, if a & sl(2, C), 4 means the infinitesimal generator of the action on
L associated with a, considered as an endomorphism of L.

As we have seen, quantum states can be considered as pseudotensorial
functions of different principal fiber bundles, or sections of different Her-
mitian line bundles, or prewave functions, or wave functions. Under each of
these forms, the representation of the group SL(2, C) © H(2) on quantum
states has a natural description.

The following sections are devoted to carrying out explicitly the con-
structions considered in this section in a number of concrete cases. We take
representatives of the coadjoint orbits that leads to what are usually accepted
as physically meaningful particles and then we prove that the wave functions
we obtain are solutions of the usual wave equations. The representatives
we take of the coadjoint orbits are the canonical ones obtained in Diaz
Miranda (n.d.).

Remark 5.1. Let L be a finite-dimensional complex vector space and p
a representation of a Lie group G in L. We denote by P(L) the projective
space of L, i.e., the differentiable manifold of the one-dimensional complex
subspaces of L. The representation of G on L induces canonically an action
on P(L) by means of g * [z] = [p(g)-z] for all g € G, z € L, where [£]
represents the subspace of L generated by z.

If L* = L — {0} and C* = C — {0}, then L*(P(L), C*), is a principal
fiber bundle whose bundle projection is the canonical map defined by sending
each nonzero element of L to the subspace of L it generates.

Letm: L* X¢s C = P(L) be the line bundle associated with this principal
fiber bundle and the canonical action of C* on C. The total space of this
vector bundle can be immersed in P(L) X L by means of the map / defined
by i([{, c]) = (1], ¢l). Of course, the total space can also be considered as
L* “completed with the zero section” in the sense that the map from L* U
P(L) onto L* X¢» C defined by sending [ € L* to [/, 1]¢ and [[] € P(L) to
{1, 0]& is bijective.

Now let z5 € L*, G, the isotropy subgroup at zy, and G the isotropy
subgroup at [z;]. Thus Gy, consists of the g € G such that p(g)-z0 = Az
for some A & C*. If such \ is denoted by K(g), we obtain a homomorphism
K from Gy, into C*. The isotropy subgroup at z, is the kernel of K.

Let H be a closed subgroup of Gy, that contains G, We identify
H/G, with K(H) as groups in the canonical way, but we maintain the quotient
topology and differentiable structure of H/G,,. Now, G/G,.(G/H, K(H)) is a
principal fiber bundle and the maps hg: ¢G,, € G/G,, — p(g) 7 € L* and
h: gH € G/H - [p(g)-z] € P(L), whose images are the orbits of z, and
[z0), respectively, define a homomorphism of principal fiber bundles into
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L*(P(L), C*). One can immerse (G/G,)) Xgu C in G/H X L in the same
way that L* X e« has been immersed in P(L) X L: an immersion 7 is defined
by sending each [gG.,, c] to (gH, cp(g)-zo).

On the other hand, there is a canonical action of G on (G/G,,) Xk, C
given by g * [fG,, clkun = [8fGy clkun. This action and the canonical one
on G/H provide us with a representation of G on the vector space of sections
of the line bundle v: (G/G,;)) Xku C — G/H. But 7 gives an injective map
from sections of v into functions on G/H with values in L: if o is a section
of v, the composite map 7 ° ¢ is a map of the form u — (u, y(u)), so that
the map defined by sending o to y is injective. By means of this injective
map, we transform our representation in a space of sections of an in general
nontrivial bundle to a representation in a space of functions with values in
a fixed vector space.

Our definition of trivialization is such that G, = Ker(C,)s, G, C
(Gst C Gy and the restriction of K to (G,)s, coincides with (C,)g;. The
geometrical construction we have done in this remark thus gives rise to the
results stated in the main body of this section.

Remark 5.2. If we choose the classical state space to be the orbit of (K|
a) with K # 0 instead of the orbit corresponding to K = 0, the wave functions
we obtain are the same. In fact, the orbit of (K, «) is the orbit of (0,
Adf _ o). Let us denote Ad# _ o by a’. We have G, = ay - x(G,), where
ag.—y is the internal automorphism corresponding to (I, —K), i.e., a -x((A,
H)) = (I, —K)A, H)(I, K). The form a’ is also quantizable with C,- = C, ©
ag.x, and we obtain by straightforward computations KerCo = a(—g(KerCy),
(Gadst = (Godse, (Codst = (Cy)se. [use equation (1) to prove that Tr(ke(AKA*
—Ke) =0ifA € (Gg), Cor = C, 0 ay xy, and KerC, = = qq.- K)(Kequ)

We thus have the following commutative diagram:

H(2) x SL/Ker(Cq)s1. G/KerCar

T

G/KerC,

H{(2) x SL/(Ga)s1 \ l

SL/(Ga)se

where R 1s given by R(V KerC,) = V(, K) KerC, and defines an isomorphism
of principal fiber bundles. Thus R establishes a one-to-one map from pseudo-
tensorial functions to pseudotensorial functions. Two corresponding pseudo-
tensorial functions gives rise to the same wave function.
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6. MASSIVE PARTICLES
Let us consider a particle whose movement space is the coadjoint orbit of
a = {0, nyml}, me R, m==I

This orbit is an R-quantizable orbit of the type 5, in the notation of
Diaz Miranda (n.d.). Here (—m) is the sign of energy, i.e., the sign of the
value of the dynamical variable P* (see Section 3) at any point of the orbit.

By direct computation, one sees that G, = {(4, h): A € SUQ2), h «
R}. The unique homomorphism onto R whose differential is a is given by
C.(A, h) = —nmh. The unique homomorphism onto S' whose differential
is a is given by C,(4, hl) = e 2™ Then we have C,(A, H) = ¢~ ™" TH
(Gse = SUR), (Cse = 1, SLy = SL, = Ker(Cy)se = (Go)st, so that in
the commutative diagram of Fig. 1 the four spaces on the left are the same.
Thus the diagram becomes

G/KerC,

G/I\'er(??‘,

H(2) x 5iks <

SL/SU(2)

G/Ga

Let #™ be the mass hyperboloid
¥ = (H € HQ): det H = m? Tr H > 0}

In %" we consider the action of SL(2, C) given by A * H = AHA*.
This action is transitive. The isotropy subgroup at m/ is SU(2), so that SL/
(G)st. can be identified with #™. The function P thus becomes P(K) = —nK
forall K € #™.
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An invariant volume element on " is given by

Y= dp' A dp* A dp®
[m* + 33, (pI(K))* 1"

where the p are the coordinates corresponding to the following parametriza-
tion of ¥

(p' p% pY) € R = h(p', p, p*, (m* + 2, (p)H)'?) e ™

Since (C,)s; is trivial, we need no trivialization in this case. The prewave
functions have the form

Yo (H,K) € H2) X H™ ~ f(K)e imTrikero

where f is a continuous function on #™ with compact support.
The corresponding wave function is

PX) = f AR, v
%m

By direct computation one sees that these wave functions satisfy the Klein—
Gordon equation.

If f' is another function continuous with compact support on ", the
Hermitian product of the quantum states corresponding to sy and - can
be written

Uy, Yp) = J WF gy
%

Now let us consider a particle whose movement space is the coadjoint

orbit of
Tt 0

where T € Z*, m € R*, y = *1. This orbit is a quantizable, not R-quantizable
orbit, of type 5 in the notation of Diaz Miranda (n.d.).
In this case we have

([ )20

The unique homomorphism from G, onto S' whose differential is « is given by
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21ri
R -

(Gt = {(g g) ¢ e s'}
(CQ)SL((S 2)) =

SLy N SLy = (Gose
SL; N Ker(Cy)se = Ker(Cyse

Then

The commutative diagram becomes in this case

SL G
H(2) x Ker{C,)stL KerC,

\_g_/

KerE.,

|

SL

/ (Go)se
~——

L
H(2) x (Gi st

S

The homogeneous space SL/(G,)s; can be characterized as follows.

Let P,(C) be the complex projective space corresponding to C? [i.e.,
P,(C) consists of the one-dimensional complex subspaces of C?].

In ™ X P,(C) one can consider the action of SL(2, C) given by

A * (H, [z]) = (AHA*, [Az])

where [z] € P,(C) is the equivalence class of x € C°.

The isotropy subgroup at (ml, [(})]) is (G,)s;, so that, since the action
is transitive, one can identity SL/(G,)s; with #™ X P,(C).

Let us consider the 5-form in #™ X C? given by

(Z'dz? — 22d7) A (Zd7? — 72dZ')
(z*eKez)?

(Rodky =V A

where the z* are the two canonical projections of C? onto C.
This differential form projects to an invariant volume element p in ™
X P(C).
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In order to describe prewave functions in the case T = |, one can
consider the trivialization (p, C*, z;), where z; is the transpose of (1, 0, 1,

0) and p is given by
A 0
Q(A) - (0 (A*)—!)
The orbit B of z, is

P = w:w,zeCz,z*w=l (9)
z

When one identifies SL/Ker(C,) with B and SL/A(G,)s; with F™ X
P\(C) by means of the preceding actions the canonical map between these
homogeneous spaces becomes a map r from B onto K™ X P,(C). By direct
computation one sees that this map is given by

r(”:) = (m(ww* — ezz*e), [w])

Also we have

_ I a
r (X, [a)) = {s(mK-|> (THE*_K_I—G)”Z:S € S'}

P(K, [a]) = —mK

If fis a function on & which is continuous, has compact support, and
is homogeneous of degree —1 under multiplication by complex numbers of
modulus one (i.e., a-homogeneous of degree — 1), the corresponding prewave
function is

Yo (H, K, [a]) e H2) X ¥ X P|(C) ~ ;(’:)e—fmmxiﬁe;(‘:)

where (%) is arbitrary in r~'(K, [a)).
The corresponding wave function is

JJI(X) =j ‘l’f(h(X)v T ')IJ‘

K" XP(C)

When one considers the Dirac matrices in the representation

0 I 0 —o
Y ( I; 0), Y (G& 0 ) k=1,2,3

one sees that these wave functions satisfy the Dirac equation
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(0, — 2minm)J; = 0

Let f’ be another function on 9% which, like f, is continuous, has compact
support, and is homogeneous of degree — 1 under multiplication by complex
numbers of modulus one. A sesquilinear form on C* whose value on B is
1 is defined by

D(Z, Z') =1Z*'Z
Thus, the Hermitian product of the quantum states corresponding to s and
Y- (see Section 6) can be written

1
Wy, Yp) = 2 I Uy
®"XPUO)

In order to give the wave functions in the case where T > 1, the following
results are useful.

Let o, o' be quantizable elements of G* such that &’ is not R-quantizable,
(Gu)SL = (Gu’)SL’ and (Cu)SL = ((Ca')SL)T’ where T € Z*. If (P, L, ZO) is a
trivialization of C,., we consider the triple (p®7, L®7, z§7), where

(T T
BT=L® ®L =28z

and p®7 is the representation such that
pET(ANzZ @ - B z7) = p(A)z) ® - ® p(A)(z7)

Let us assume that (p®7, L¥7, z§7) is a trivialization of C, and let By
be the orbit of z§7. The pullback by z € B — 227 € B establishes a one-
to-one map from the set of the a-homogeneous functions of degree —1 onto
the set of the o’-homogeneous functions of degree —T. If f is one of these
functions, the corresponding prewave function of particles corresponding to
« has the form

lbf(H, m) = f(z)eiﬂTr(P(m)eﬁe)Z@)r
where z € r~H(m).
Lemma 6.1.1f (G,)s; is connected, (p®7, L®7, z§87) is a trivialization of C,,.

Proof. The only nontrivial fact is that the isotropy subgroup at z§7 is
contained in KerC,.

We shall first prove that (C,')s, is surjective. In fact, since dim St=1,
if (C,)s, is not surjective we have d(C,)s; = 0. Since (G5, is connected,
it follows that (C,)s, = 1. Thus C,(g, r) = explim Tr(kere)] for all (g, r)
e G, where k is given by a’ = {b, k}. Then the map X from G, onto R
given by K(g, r) = (1/2) Tr(kere) is a homomorphism whose differential is
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the same as the differential of C,, i.e., o'. But this is contradictory with the
hypothesis that o’ is not R-quantizable.

Let A be in the isotropy subgroup at z§7. Then there exists d € C such
that p(A)(zy) = dz; and d” = 1. Since (C,")g, is surjective, there exists B €
(Gy)s. such that (C,)s(B) = d. Thus p(A)(zg) = p(B)zo), so that B7'A
Ker(Cu')SL. Therefore, A € (Ga’)SLv (Cu')SL(A) = d, and (Cu)SL(A)
dT=1 =»

i m

The same result holds under other hypotheses. In fact, if o is quantizable
and the cohomology class of the restriction of &’ to the connected component
of the identity of G, is not zero, o’ is not R-quantizable (see Diaz Miranda,
n.d., Section 8) and a slight modification of the preceding argument proves
the same result even though (G, )5, is not connected.

In the case where « is given by (8) and o’ is the particular case corre-
sponding to T = 1, the preceding lemma applies and one is led to the following
prewave functions:

®r
U (H, K, [a]) € H2) X #™ X P|(C) — f(’:)eﬁmmkeﬁe)(t’)

where (¥) is arbitrary in r~ (K, {a]) and f is a function on 9B, continuous,
with compact support, and homogeneous of degree —T under multiplication
by complex numbers of modulus one.

The wave functions are obtained by integration as usual.

7. MASSLESS PARTICLES

In this section we consider particles whose movement space is the
coadjoint orbit of

_ [T o) (10 .
a—{gw(o _l),'r](O ol x.nme {1}, Tel

These are quantizable, not R-quantizable orbits of type 4 in the notation
of Diaz Miranda (n.d.).

Also in this case, G, is connected, so that there exists a unique homomor-
phism from G, onto S' whose differential is a. In fact, we have

= z a\ [ b  ixnTay2m\) \
e {((0 ?’f)’ (anTaz/Z'rr 0 )) zeS beRac C}

c b4 z_z, b ixnTaz/2m e
“\\O0 2/ \ixnTaz/2w 0
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(Gos. = {(8 ;): zeShae C}
(C(x)SL((é ;)) =X’
SL, = {(g I(/)a>: ae C}

SL, = (Gy)st

SL, N SL, = {(g g): 7 e s*}

The isotropy subgroup at (§ 3) for the usual action of SL(2, C) on H(2)
is (Gp)sr. Thus SL/(G,)s: will be identified with the orbit of (} 9), i.e., the
future half-cone

C*=(H € HQ2):Det H =0, Tr H > 0}

When this identification is made, the function P on SL/(G,)s; becomes

P(H) = —mH.
An invariant volume element in C* is

_ 1
T EL (pan

where (p!, p% p? is the coordinate system corresponding to the
parametrization

3 12
(p', %, p’) € R* = {0} ~ h(p‘,pz, P, [Z, (p")z} ) e C*

dp' A dp* A dp?

Before proceeding to the study of the general use, we consider two
particular ones.

First we consider the case in whichT =1, x = 1, = —1. A trivialization
is given by (p, C?, ({)), where p(A) is multiplication by A.

The orbit of (}) is C*> — {0}. This space can thus be identified with SL/
Ker(C,)s;, so that one obtains a natural map r,: C2 — {0} ~ C*. This map
is explicitly given by r,(z) = zz* € C* C H(2). Since z and €Z are eigenvectors
of zz* corresponding to the eigenvalues ||z||> and O, respectively, ri'(H) is
composed of the eigenvectors of H corresponding to the positive eigenvalue
whose norm is that eigenvalue.

The principal S'-bundle whose projection is r, is related to the Hopf
fibration as follows. The image of the restriction of r, to the sphere S*(R)
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= {z € C?% ||z]|> = R?*} is composed of the elements of C* whose trace is

R?. Since the image of this subset by the preceding chart is the sphere of

radius R%/2, we obtain maps from spheres S onto spheres S2. Each one of

these mappings is, up to the radius and a reflection, the Hopf fibration.
The prewave functions in this case have the form

‘bf+: (N, H) e C+ X H(Z) — f(z)einr(Neﬁe)Z c C2

where z is an arbitrary element of r;'(N).
By direct computation one can see that

d ) J d
—toy5toy 5t oW,/ =0
(Gl aX‘ a3 axz 03 6.13 G4 ax4>¢f( 2():))
The corresponding wave functions thus satisfy the same equation, which
is the antineutrino Weyl equation {positive energy).
If fand f' are pseudotensorial functions, we have

YAN, Hy*§(N, H) = f(2)*f () Tt N

Thus, the Hermitian product of the corresponding quantum states (see Section
5) can be written as follows:

1 UlI72
Y ap dp?
2L+2§=1 (pR P wwp

Now let us consider the case in which 7 = 1, x = —1, 7 = —1. One
can use a trivialization similar to the preceding one, p(4) being multiplication
by (A*)”!, thus obtaining a principal S'-bundle C?> — (0} ~ C*, where
r-(z) = —ezz*e € C* C H(2). Since z and €Z are eigenvectors of —ezz¥e
corresponding to the eigenvalues 0 and ||z]|%, respectively, r=!(H) is composed
of the elements of the kernel of H whose norm is its positive eigenvalue.

The wave functions one obtains in this case satisfy the Weyl equation
that, according to Feynman, corresponds to the neutrino.

The map from the real vector space C? onto itself defined by sending
z to €7 is a complex structure and its restriction to C* — {0} gives us an
isomorphism of the principal circle bundle corresponding to r_ (resp. r,) onto
the principal circle bundle corresponding to r, (resp. r_). The isomorphism of
the structural group is defined by sending each element to its inverse.

The results stated at the end of the preceding section enable us to describe
the general case as follows.

The prewave functions are given by functions on C*> — {0} which are
continuous with compact support and homogeneous of degree —7 under
multiplication by modulus-one complex numbers. Let fr be one of these
functions. If ¥ = 1, the corresponding prewave function is given by



Wave Functions in Geometric Quantization 2167

¢f+7‘: (N, H) Ct X H(2) — fT(z)e—i-rmTr(Neﬁe)Z®T e (C2)®T

where z is an arbitrary element of r;'(N).
In the case x = —1, the corresponding prewave function is

\‘Jf;-: (N, H) e C* X H(Q2) fﬁz)e—éwﬂTr(Neﬁe)Z®T e (C2)®T

but now z is an arbitrary element of rZ'(N).
The associated wave functions satisfy Penrose’s wave equations, which
we describe here for the sake of completeness.
Let us consider in (C2)®7 the basis
(T

e, Reg® 1A B, ... € {1,2})

where (e, e,} is the canonical basis of C2.
The prewave functions ;. and the wave functions i have components
in this basis which will be denoted by {{A%~} and {{4%}, respectively.
Let us consider the vector fields in R* given by

1[0 . a
V= (o - i)

1{ ¢ d
Va 2 (ax' o

1/ ¢ d
Va2 =3 (ax4 d )

and, for all A, A" € {1, 2},
VAL = ABeAB'Y, .,
(summation convention), where {€*?} are the elements of —e.

We also define

=
Yis.. = €sn'€pp
7 * —_— .. s
Yan., = €sn€ap

where {€,3} are the elements of €.
Thus we have for all A(x) e C*

VA Ykpe (h(x), ©) =0
VAgge. (h(x), -) =0
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so that, by derivation under the integral sign, we see that Penrose wave
equations

VM"I’Z'BC... =0
VA%rge. = 0

are satisfied.
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